Kahler and symplectic structures on 4-manifolds and hyperKahler geometry by Thakre, Varun
ar
X
iv
:1
60
6.
08
15
8v
2 
 [m
ath
.D
G]
  2
4 A
ug
 20
16
KA¨HLER AND SYMPLECTIC STRUCTURES ON 4-MANIFOLDS
AND HYPERKA¨HLER GEOMETRY
VARUN THAKRE
Abstract. A non-linear generalization of the Dirac operator in 4-dimensions,
obtained by replacing the spinor representation with a hyperKa¨hler manifold
admitting certain symmetries, is considered. We show that the existence of a
covariantly constant, generalized spinor defines a Ka¨hler structure on the base
4-dimensional manifold. For a class of hyperKa¨hler manifolds obtained via
hyperKa¨hler reduction, we also show that a harmonic spinor, under mild con-
ditions, defines a symplectic structure. Finally, we show that if a covariantly
constant, generalized spinor satisfies generalized Seiberg-Witten equations, the
metric on the base manifold has a constant scalar curvature.
1. Introduction
Let (X, gX) be a 4-dimensional, smooth, oriented Riemannian manifold and let
π : Q −→ X be a Spinc-structure on X . The Levi-Civita connection on the frame
bundle πSO : PSO(4) −→ X and a connection A on the principal U(1)-bundle
πU(1) : PU(1) := Q/Spin(4) −→ X determine a unique connection A on Q. Let
W± −→ X denote the associated positive and negative spinor bundles respectively
and σ : W+ −→ Λ2+(X) denote the quadratic map. If u ∈ Γ(X,W+) is a non-
vanishing section, then σ ◦ u defines a non-degenerate, self-dual 2-form on X . It
was shown in [BLPR00, Sco02] independently that if ∇Au = 0 for some U(1)-
connection A, then σ ◦u defines a Ka¨hler structure on X , compatible with a metric
g′
X
= c · gX , c ∈ R. On the other hand, under mild conditions, it was shown that
if u is a harmonic spinor, then σ ◦ u defines a symplectic structure on X . Scorpan
[Sco02] gave a charaterization of the Ka¨hler and symplectic 2-forms that lie in the
image of the quadratic map.
Taubes introduced a non-linear generalization [Tau99] of the Spin-Dirac operator
in dimension 3, wherein the spinor representation is replaced by a hyperKa¨hler man-
ifold (M, gM , I1, I2, I3) - also known as the target hyperKa¨hler manifold - admitting
an action of Sp(1) that permutesthe 2-sphere of complex structures. Generalized
spinors are defined to be sections of the associated fibre-bundle with a typical fibre
M . The Dirac operator is replaced by a first-order, non-linear elliptic differential
operator D for maps taking values in M . For a twisting principal G-bundle PG,
every connection A on PG defines a twisted, generalized Dirac operator DA. The
idea was extended to dimension 4 by Pidstrygach [Pid04].
The current article investigates the role of certain special generalized spinors and
hyperKa¨hler manifolds in defining a Ka¨hler or a symplectic structure on X .
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One way of obtaining hyperKa¨hler manifolds with requisite properties, is via
Swann’s construction [Swa91]. Starting with a quaternionic Ka¨hler manifold of pos-
itive scalar curvature, Swann’s construction produces a hyperKa¨hler manifold en-
dowed with a permuting Sp(1)-action. The manifold is a fibration over the quater-
nionic Ka¨hler manifold. Additionally an action of a Lie group G that preserves
the quaternionic Ka¨hler structure can be lifted to a hyperHamiltonian action on
the hyperKa¨hler manifold. For target hyperKa¨hler manifolds obtained via Swann’s
construction, covariantly constant spinors define a Ka¨hler structure on X :
Theorem 1.1. Let U(N) denote the total space of a Swann bundle over some
quaternionic Ka¨hler manifold N with positive scalar curvature and assume that N
admits an action of U(1) that preserves the quaternionic Ka¨hler structure. Let
µ : M −→ sp(1)∗ denote the associated hyperKa¨hler U(1)-moment map and u ∈
Map(Q, U(N))Spinc be a spinor whose range does not contain a fixed point of
U(1)-action on U(N). If there exists a connection A on Q such that the covariant
derivative DAu = 0, then, under the isomorphism Φ : sp(1)
∗ → Λ2+(R4)∗, ω :=
Φ(µ ◦ u) defines a Ka¨hler structure on X.
Another way of constructing such hyperKa¨hler manifolds is via hyperKa¨hler re-
duction of Hn by a hyperHamiltonian action of a Lie group H . The technique due
to Hitchin, Karlhede, Lindstro¨m and Roceˇk [HKLR87], is an analogue of Marsden-
Weinstein reduction for symplectic manifolds. It has proven to be quite useful in
constructing highly non-trivial hyperKa¨hler manifolds, starting from flat quater-
nionic spaces. If the usual action of Sp(1) on Hn preserves the zero set µ−1H (0) of
the H-moment map, then the action descends to a permuting action on the quo-
tient MH := µ
−1
H (0)/H . Moreover, if there exists a hyperHamiltonian U(1)-action
on Hn that commutes with H-action and preserves µ−1H (0), then it descends to a
hyperHamiltonian action on MH .
For M =MH , the covariantly constant spinors define a Ka¨hler structure on X :
Theorem 1.2. Let µ : MH −→ sp(1)∗ denote a hyperKa¨hler U(1)-moment map
and u ∈ Map(Q,MH)Spinc be a spinor whose range does not contain a fixed point
of U(1)-action on M . If there exists a connection A on Q such that the covariant
derivative DAu = 0, then, ω := Φ(µ ◦ u) defines a Ka¨hler structure on X.
Morever, in this case, the harmonic spinors, under mild conditions, define a
symplectic structure on X :
Theorem 1.3. Let A, µ be as in Theorem 1.2. Let u ∈ Map(Q,MH)Spinc be a
spinor whose range does not contain a fixed point of U(1)-action on MH . Assume
that DAu ⊥ kerdµ. If DAu = 0, then ω defines a symplectic structure on X.
The layout of the article is as follows: Section 2 is divided into two parts. In the
first part, sub-section 2.1, we introduce the preliminaries on hyperKa¨hler manifolds
and describe the two mentioned constructions; namely hyperKa¨hler reduction and
Swann’s construction. In the second part, sub-section 2.2, we introduce the pre-
liminaries needed in order to define the generalized Dirac operator. The details of
some of the technical part in this section is left to the Appendix. Section 3, gives
the proof of Theorem 1.1, Theorem 1.2 and Theorem 1.3. Finally in Section 5, we
prove that the Spinc-structures defined by ω in both the situations is isomorphic
to the one determined by gX.
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2. Preliminaries and Notations
2.1. HyperKa¨hler manifolds with permuting actions. A 4n-dimensional Rie-
mannian manifold (M, gM) is said to be hyperKa¨hler if it is endowed with a set of
almost-complex structures
Ii ∈ End(TM), i = 1, 2, 3, IiIj = δijkIk
that are covariantly constant with respect to the Levi-Civita connection. The
quaternionic structure induces a covariantly constant algebra homomorphism
(1) I : H −→ End(TM), Iξ := I(ξ) = ξ0 idTM +ξ1I1 + ξ2I2 + ξ3I3 for ξ ∈ H
Sitting inside the quaternion algebra, is the standard 2-sphere of purely imaginary
quaternions
S2 = {ξ = ξ1i+ ξ2j + ξ3k | |ξ| = 1}
Every ξ ∈ S2 defines a Ka¨hler structure on M . In other words, M has an entire
family of Ka¨hler structures parametrized by S2 ∈ Im(H).
Definition 1. An isometric action of a smooth Lie group G on M is said to be
tri-holomorphic if it fixes the 2-sphere of complex structures S2; i.e,
Tg Iξ = Iξ Tg, for g ∈ G, ξ ∈ S2
In particular, G preserves the Ka¨hler 2-forms ωi = gM(Ii(·), ·), for i = 1, 2, 3.
We can combine ωi to define a single sp(1)-valued 2-form
ω ∈ sp(1)∗ ⊗ Λ2M, ωξ := 〈ω, ξ〉 = gM(Iξ(·), ·)
Additionally, if all the three associated moment maps exist, then the action is said
to be tri-Hamiltonian. Again, one can combine the three moment maps into one to
define a sp(1)-valued map µ :M −→ sp(1)∗ ⊗ g∗, that satisfies
(1) dµ = ιgω
(2) µ(gh) = Ad∗g(µ(h))
The map µ is called a hyperKa¨hler moment map.
Example 1. Consider Hn with the hyperKa¨hler structure given by (Ri¯, Rj¯ , Rk¯).
Let Sp(n) denote the group of H-linear isometries of Hn and G ⊂ Sp(n).
The G-action on Hn, given by left multiplication G × Hn ∋ (g, h) 7−→ gh ∈ Hn
is a tri-holomorphic action with the hyperKa¨hler moment map
〈µ(x), ξ ⊗ η〉 = 1
2
ξx†ηx
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HyperKa¨hler reduction. Many non-trivial examples of hyperKa¨hler manifolds
can be constructed via hyperKa¨hler reduction, from the quaternionic vector space
Hn. HyperKa¨hler reduction is an extension of the well-known Marsden-Weinstein
reduction for symplectic manifolds.
Suppose that M is endowed with a hyper-Hamiltonian action of a compact Lie
group H . Let µH : M −→ sp(1)∗ ⊗ h∗ be a hyperKa¨hler moment map for the H-
action and assume that a ∈ h is invariant under the co-adjoint action of H . Then
µ−1H (a) is an H-invariant submanifold of M .
Theorem 2.1. [HKLR87] Let a ∈ h be a central regular value of the moment
map µH and assume that H acts freely and properly on µ
−1
H (a). Then the quotient
MH := µ
−1
H (a)/H is again a hyperKa¨hler manifold.
Example 2. Many interesting examples of hyperKa¨hler manifolds fall under this
category. To name a few
(1) Co-tangent bundles of complex Lie groups [Kro88, KS96]
(2) Co-adjoint orbits of semi-simple Lie groups [Kro90]
(3) Moduli space of framed, charge k instantons on S4 [ADHM78]
Swann bundles. Let Sp(1) denote the group of unit quaternions and sp(1) its
Lie algebra. Note that sp(1) ∼= Im(H). A permuting action of Sp(1) or SO(3) on
M is an isometric action, such that the induced action on the 2-sphere of complex
structures S2 is the standard action of Sp(1) or SO(3) on S2
Tq Iξ Tq
−1 = Iqξq¯ , for q ∈ Sp(1), ξ ∈ S2 ⊂ sp(1)
Amongst the hyperKa¨hler manifolds admitting a permuting Sp(1)-action, there
are those that also admit a hyperKa¨hler potential. A hyperKa¨hler potential is a real-
valued function ρ : M −→ R which is a Ka¨hler potential w.r.t all three complex
structures simultaneously; i.e,
−d(Iξ(dρ)) = 2ωξ for ξ ∈ sp(1), ||ξ||2 = 1.
A quaternionic Ka¨hler manifold N is a 4n-dimensional manifold whose holo-
nomy is contained in Sp(n)Sp(1) := (Sp(n) × Sp(1))/ ± 1. Let FN denote the re-
duction of the principal frame bundle PSO(4n) to Sp(n)Sp(1)-bundle over N . Then
S (N) = FN/Sp(n) is a principal SO(3)-bundle, which is a frame bundle of the
three dimensional vector subbundle of skew symmetric endomorphisms of TN . The
Sp(1)-action on H (by left multiplication) descends to an isometric action of SO(3)
on H∗/± 1. The Swann bundle over N is defined to be the principal H∗/Z2-bundle
U(N) := S (N)×SO(3) H∗/Z2 −→ N
Theorem 2.2 ([Swa91]). Let N be a quaternionic Ka¨hler manifold with a positive
scalar curvature. Then U(N) is a hyperKa¨hler manifold with a free, permuting
Sp(1) action. Moreover, U(N) also admits a hyperKa¨hler potential given by
ρ0 =
1
2
r2
where r is the co-ordinate along H∗/Z2. If N has an isometric action of a Lie group
G that preserves the quaternionic Ka¨hler structure, then the action can be lifted to
a hyper-Hamiltonian action of G on U(N).
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The hyperKa¨hler potential on U(N) is quite special. Namely, if X0 := gradρ0 -
also known as Euler vector field - the fundamental vector fields due to permuting
Sp(1)-action satisfy:
(2) IξK
M
ξ = −X0, ξ ∈ S2 ⊂ sp(1) and ρ0 =
1
2
gM(X0,X0)
The moment map for a hyper-Hamiltonian G-action on U(N) has a simple form
[Sch10, Corollary 3.3.1]
(3) 〈µ, ξ ⊗ η〉 = −1
2
gM
(
KMξ ,K
M
η
)
, ξ ∈ sp(1), η ∈ g
Example 3. The flat space Hn
∗
:= Hn \ {0} is the total space of Swann bundle
over HPn−1. Indeed, observe that Hn
∗
= Sp(n)× R+. A permuting Sp(1)-action
on Hn is given by
Sp(1)×Hn ∋ (q, h) 7−→ hq¯ ∈ Hn
The Euler vector field X0 = idHn and therefore, the hyperKa¨hler potential
ρ0(h) =
1
2
||h||2.
On the other hand, consider a hyperKa¨hler manifoldM endowed with a permut-
ing Sp(1)-action.
Theorem 2.3 ([Swa91]). If M admits a hyperKa¨hler potential ρ0 : M −→ R+,
then for c ∈ R, N := ρ−10 (c)/Sp(1) is a quaternionic Ka¨hler manifold of positive
scalar curvature. Consequently, M is the total space of a Swann bundle over N .
Define SpinGε (4) := Spin(4)×Z2 G, where Z2 denotes an order 2-subgroup gen-
erated by (−1, ε) with the central element ε ∈ G. An action of SpinGε (4) is said
to be permuting if the action of Sp(1)+ →֒ SpinGε (4) is permuting and the action
of Sp(1)− ×G →֒ SpinGε (4) is tri-holomorphic. For the rest of the article, we will
study the case when G = U(1).
2.2. Generalized Dirac operator. Fix a Spinc-structure π : Q −→ X . The
Levi-Civita connection φ on the frame bundle PSO(4) and a connection A on
PU(1) uniquely define a connection A on Q. Let A ⊂ Λ1(Q, spin(4))Spinc de-
note the space of all connections which are the lift of the Levi-Civita connec-
tion. Let M be a manifold admitting a permuting action of Spinc(4). We de-
fine the space of generalized spinors to be the space of smooth, equivariant maps
S := Map(Q,M)Spinc ∼= Γ(X,Q×Spinc M).
The covariant derivative of a spinor u ∈ S, w.r.t A ∈ A is defined as
DA : C
∞(Q,M)Spin
c −→ Hom(TQ, TM)Spinchor ∼= C∞(Q, (R4)∗ ⊗ TM)Spin
c
DAu = du+K
M
A
|u
(4)
where KM
A
|u : TQ→ u∗TM is vector bundle homomorphism
KM
A
|u(v) = KMA(v)|u(p), v ∈ TpP
Alternatively, one can view the covariant derivative as
DA : C
∞(Q,M)Spin
c −→ C∞(Q, (R4)∗ ⊗ TM)Spinc(5)
〈DAu(p), w〉 = du(p)(w˜)(6)
where, w ∈ R4, w˜ denotes the horizontal lift of πSO(p)(w) ∈ Tpi(p)X .
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Let ψ : TTM −→ TM denote the Levi-Civita connector on M and ∇A,ψ, the
linearization of DA (see Appendix (B), Lemma (B.3))
(7) ∇A,ψ : C∞(Q, TM)Spinc −→ Hom(TQ, TM)Spinchor
The following Lemma is crucial to our construction in the next section
Lemma 2.4. [Sch10, Corollary 4.6.2] Let M be a manifold with a permuting Sp(1)-
action and a hyperKa¨hler potential ρ0 and let X0 := grad ρ0. Let u ∈ S. Then
X0 ◦ u ∈ Γ(Q, u∗TM)Spinc . For a connection A on Q,
(8) DAu = ∇A,ψ(X0 ◦ u)
Clifford multiplication. DefineW+ to be the Spinc-equivariant bundle TM −→
M equipped with an action induced by ϑ+ = [q+q−, g] 7−→ [q+, g]. More precisely,
for any w+ ∈ W+, the action is given by:
[q+, q−, g] · w+ = Tq+Tgw+.
Define the W− to be the Spinc-equivariant bundle TM −→M equipped with the
following action:
[q+, q−, g] · w− = Iq−Iq¯+Tq+Tg w−
Now Clifford multiplication is is a map of Spin(4)-representations
m : R4 −→ End(W+ ⊕W−)
We identify R4 with H by mapping the standard, oriented basis (e1, e2, e3, e4) of
R4, to (1, i¯, j¯, k¯). The hyperKa¨hler structure on H is given by (Ri¯, Rj¯ , Rk¯) and the
Spinc action on H by [q+, q−, g] · h = q−hq¯+. Define the map
m :R4 ∼= Q −→ End(W+ ⊕W−)
h 7−→
[
0 −Ih¯
Ih 0
]
Since m(h)2 = −gR4(h, h) · idW+⊕W− , by universality property, extends to a map
of algebras m˜ : Cl4 −→ End(W+ ⊕W−). Identifying R4 with (R4)∗ we define
Clifford multiplication by:
• : (R4)∗ ⊗ (W+ ⊕W−) −→W+ ⊕W−
gR4(h, ·)(w+, w−) 7−→ m(h)(w+, w−).
This map is Spinc-equivariant [Sch10].
Composing Clifford multiplication c with the covariant derivative, we get the
non-linear Dirac operator :
(9) DAu ∈ C∞(Q, u∗W−)Spin
c
More explicitly, from (5), we get
(10) DA(u) =
3∑
i=0
ei •DAu(e˜i)
Let cu be the restriction of the Clifford multiplication c to u
∗W+ ⊕ u∗W−.
Consider the first-order differential operator
(11) Dlin
A,u := cu ◦ ∇A,ψ : u∗W+ ⊕ u∗W− → u∗W+ ⊕ u∗W−
Lemma 2.5. [Sch10, Lemma 4.6.1] The linearization of the generalized Dirac op-
erator, at a point (u,A) ∈ S ×A , coincides with the linear operator Dlin
A,u.
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We are now in a position to state the Weitzenbo¨ck formula
Theorem 2.6. [Sch10, Theorem 4.7.1] Weitzenbo¨ck formula for the generalized
Dirac operator:
(12) Dlin,∗
A,u DAu = ∇A,ψ,∗DAu+
sX
4
X0 ◦ u+ Y(F+A )|u
where Dlin,∗
A,u : TuS →W− is the adjoint of the linearized Dirac operator, sX is the
scalar curvature of X and the vector field Y(F+A )|u =
3∑
l=1
IlK
M
〈F
+
A
,ξl〉
|u where {ξl} is
the basis of sp(1).
Generalized Seiberg-Witten equations. Let µ denote hyperKa¨hler moment
map for the hyperKa¨hler U(1)-action onM and FA ∈Map(Q,Λ2(R4)∗⊗sp(1))Spinc
denote the curvature of the connection A. The generalized Seiberg-Witten equations
for a pair (u,A) ∈ S ×A , in dimension 4, are
(13)
{ DAu = 0
F+
A
− µ ◦ u = 0
3. Ka¨hler structure on 4-manifolds and Swann bundles
In this section, we give the proof of Theorem 1.1. Assume that U(N) is endowed
with a hyper-Hamiltonian action of U(1) and let µ : M −→ sp(1)∗ denote the
associated moment map (3). Observe that since the Sp(1) action on U(N) is free,
X0 ◦ u ∈ Γ(Q, u∗W+)Spinc is a non-vanishing section.
Proof of Theorem 1.1. Let (u,A) ∈ S ×A be such that DAu = 0 and the image of
u does not contain any fixed points of the U(1)-action. This has the consequence
that d(µ ◦ u) = 〈dµ,DAu〉 = 0, which implies that µ ◦ u is constant. Under the
isomorphism Φ : sp(1)∗ → Λ2+(R4)∗, the map µ ◦ u : Q −→ sp(1) defines a non-
degenerate, self-dual 2-form ω := Φ(µ ◦ u) on X . We treat ω as an element in
Map(Q,Λ2+(R
4)∗)Spin
c
.
∇A,ψ(ω • (X0 ◦ u)) = (Dφω) • X0 ◦ u+ ω • ∇A,ψ(X0 ◦ u)
= (Dφω) • X0 ◦ u+ ω •DAu
= (Dφω) • X0 ◦ u(14)
Consider the left hand side of (14)
ω • (X0 ◦ u) = (µ1 ◦ u) · (e0 ∧ e1 + e2 ∧ e3) • X0 ◦ u
+ (µ2 ◦ u) · (e0 ∧ e2 − e1 ∧ e3) • X0 ◦ u
+ (µ3 ◦ u) · (e0 ∧ e3 + e1 ∧ e2) • X0 ◦ u
= (µ1 ◦ u) · ((e0 · e1) • X0 ◦ u+ (e2 · e3) • X0 ◦ u)
+ (µ2 ◦ u) · ((e0 · e2) • X0 ◦ u− (e1 · e3) • X0 ◦ u)
+ (µ3 ◦ u) · ((e0 · e3) • X0 ◦ u+ (e1 · e2) • X0 ◦ u)
=
3∑
l=1
(µl ◦ u) Il (X0 ◦ u)
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Since µ ◦ u is constant, this implies that µl ◦ u are constant for all l = 1, 2, 3.
Therefore the left hand side of the eq. (14) reads
∇A,ψ(ω • X0 ◦ u) = ∇A,ψ
(
3∑
l=1
(µl ◦ u) Il (X0 ◦ u)
)
=
3∑
l=1
(µl ◦ u) ∇A,ψ (Il (X0 ◦ u))(15)
=
3∑
l=1
(µl ◦ u) Il(DAu)(16)
= 0(17)
Note that we have used Lemma 2.4 in the third step. Substituting in (14) we get
(18) (Dφω) • X0 ◦ u = 0
We can think of Dφω as a one-form with values in the space of skew-adjoint,
traceless endomorphisms of W+ ⊕W−
TxX ∋ v 7−→ Dφω(v)|x • (·)
Since, from (18), one of the eigenvalues of Dφω|x is zero, it follows that the other
one is zero as well. This is true for all x ∈ X . Thus we get Dφω = 0 or alternatively,
interpreting ω ∈ Γ(X,Λ2+(X)), we have ∇ω = 0.
Complex structure. If β is some non-degenerate, self-dual 2-from on X such
that Dφβ = 0, then one can suitably modify the metric, from gX  g
′
X
so that
|β| = √2. Therefore if sΛ2+(X) (a.k.a twistor space) denotes the sphere bundle
in Λ2+(X), then β ∈ Γ(X, (sΛ2+(X))′) and determines an almost-complex structure
Jβ on X . As the Levi-Civita connection remains unchanged, we get Dφβ = 0 and
therefore Jβ is integrable. Thus ω defines a Ka¨hler structure on X , compatible
with the metric g′
X
. 
4. Ka¨hler and symplectic structures for case of hyperKa¨hler
reduction
In this section, we consider the case whereM is a hyperKa¨hler reduction of some
flat-space Hn. For such hyperKa¨hler manifolds, it is possible to construct both the
Ka¨hler and symplectic structures on X . The idea here involves lifting the Dirac
equation suitably for maps taking values in Hn.
Let H ⊂ Sp(n) be a compact, unitary group, acting hyper-Hamiltonianly on Hn
and µH : H
n −→ sp(1)∗⊗h∗ denote the associated moment map. Assume also that
H acts freely and properly on µ−1H (0) and let MH := µ
−1
H (0)/H . If Sp(1)-preserves
µ−1H (0), then, the permuting action of Sp(1) on H
n descends to a permuting action
on MH . Given a hyper-Hamiltonian U(1)-action on H
n, that commutes with the
H-action and preserves µ−1H (0), it descends to a hyper-Hamiltonian action on MH .
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Consider the following diagram
(19)
Q MH
P
Ĥ P ⊂ Hn
X
π
u
π1 π2
û
Here π1 is a Spin
c-equivariant submersion, P := µ−1H (0) is the principal H-bundle
over MH . Note that PĤ −→ X which is a principal H-bundle over Q. Let û be a
smooth map. Define u : Q −→MH as
u(q) = π2(û(p)), q ∈ Q, p ∈ π−11 (q)
Clearly, the diagram commutes. On the other hand, given a smooth spinor
u : Q −→ MH , it defines a principal H-bundle over Q via pull-back of P . The
pull-back of the canonical connection a on P , defined as
KP,H
a
|p(v) = − primK
P,H
(v), v ∈ TpP
by û along with the connection A on Q uniquely define a connection A on P
Ĥ
(20) A = π∗A⊕Ah ∈ Λ1
(
P
Ĥ
, spin(4)⊕ h)H×Spinc(4)
where Ah = û
∗
a− 〈π∗A, ιspin(4)û∗a〉.
Proposition 4.1. Then, there is a 1-1 correspondence between
(21) {(û,A) | DAû = 0, µH ◦ û = 0} and {(u,A) | DAu = 0}
where, u is the projection of û to Q, and also between
(22) {(û,A) | DAû = 0, µH ◦ û = 0} and {(u,A) | DAu = 0}
Proof. To begin with, note that the condition µH ◦ û = 0 means that the map û is
non-vanishing, since the action of H on µ−1H (0) is free.
For h ∈ Hn, define Hh := kerdµH(h) ∩ (imKHn,H)⊥. It is easy to see that
if µH(h) = 0, then Hh is just the horizontal subspace over h ∈ µ−1G (0) w.r.t the
canonical connection a.
We will prove the proposition in three steps. In what follows, we shall denote
the H and Spinc-components of A by Ah and Â respectively.
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Step 1: In the first step we will prove that IξDAû(v) ∈ Hû for every ξ ∈ sp(1)
and v ∈ HA ⊂ TPĤ . Indeed, if µH ◦ û = 0, then dû(v) ∈ ker dµH(û(p)). Also,
KH
n,H
Ah
|û ∈ ker dµH(û(p)) and KH
n,Spinc
Â
|û ∈ ker dµH(û(p)). Therefore, DAû(v) ∈
kerdµH(û(p)). Consequently
0 = 〈dµH(DAû(v)), ξ ⊗ η〉 = 〈IξKH
n,H
η |û(p), DAû(v)〉 = −〈KH
n,H
η |û(p), IξDAû(v)〉
for ξ ∈ sp(1), η ∈ h. In other words, IξDAû(v) ∈ (imKHn,H)⊥ for all ξ ∈ sp(1).
Also, for ξ′ ∈ sp(1),
〈dµG(Iξ′DAû(v)), ξ ⊗ η〉 = 〈dµG(DAû(v)), [ξ′, ξ]⊗ η〉 = 0
which implies IξDAû(v) ∈ ker dµG(û(p)) for all ξ ∈ sp(1). Therefore, IξDAû(v) ∈
Hû.
Step 2: If DAû = 0, then from (10), we have
0 = DAû(e˜0)−
3∑
i=1
IiDAû(e˜i)
From Step 1, we get DAû(e˜0) ∈ Hû. It follows that DAû(e˜i) ∈ Hû for all
i = 1, 2, 3. Consequently, for any v ∈ HA, primKH
n,H
DAû(v) = 0 and we get
KH
n,H
Ah(v)
= − primKH
n,H
dû(v). In other words, the h-connection component of A
is just the pull-back of the canonical connection on the Riemannian submersion
µ−1H (0).
Since the diagram commutes, dπ2(DAû) = DAu. Also, as DAû(e˜i) ∈ Hû for all
i = 0, 1, 2, 3
0 = dπ2(DAû)
= dπ2
(
DAû(e˜0)−
3∑
i=1
ι∗Ii DAû(e˜i)
)
= dπ2(DAû(e˜0))−
3∑
i=1
π∗2 I˜i dπ2(DAû(e˜i))
= DAu(e˜0)−
3∑
i=1
I˜i DAu(e˜i)
= DAu
Thus, DAû = 0 implies DAu = 0. On the other hand ifKH
n,H
Ah(v)
= − primKH
n,H
dû(v),
then DAû ∈ Hû and so dπ2(DAû) = DAu. Therefore, if DAu = 0, it implies that
DAû ∈ imKHn,H . But since,
DAû = DAû(e˜0)−
3∑
i=1
π∗2Ii DAû(e˜i) ∈ Hû
it follows that DAû ∈ (imKHn,H)⊥ and so DAû = 0.
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Step 3: Using an argument verbatim to the one in Step 2 above, we can prove that
there is a 1-1 correspondence between
(23) {DAû = 0, µH ◦ û = 0} and {DAu = 0}
This proves the statement.

Ka¨hler and symplectic structures. Proposition 4.1 allows us to use the tools
for the usual Spin-Dirac operator.
For the rest of the section, assume that the h-component of a connection A is
given by Ah as in (20).
Lemma 4.2. Given a non-vanishing spinor û : P
Ĥ
−→ Hn, there exists a unique
connection A such that DAû = 0.
Proof. This is a consequence of the fact that since û is non-vanishing, Clifford
multiplication is modelled on quaternionic multiplication. Since the h-component of
the connection is given by the pull-back of the canonical connection on Riemannian
submersion µ−1H (0), the only variable is the U(1)-conection component.
Let A be the lift of a connection A on Q, determined by a U(1)-connection A.
For a connection A′ = A+ iα, α ∈ T ∗X , we have DA+iαû = DAû+ iα • û. To solve
DA+iαû = 0, we need to solve DAû = −iα • û.
Consider the map
R4 ⊗Hn∗ −→ Hn∗ , a⊗ h 7−→ a • h = h · a¯
Fix h0 ∈ Hn∗ and let h′ ∈ Hn∗ . Define a := h¯
′t · h0
|h0|2 ∈ H
∼= R4. Then,
a • h0 = h0 · h¯
t
0 · h′
|h0|2 = h
′
Thus, for a a fixed h0 and any h
′, there exists an a ∈ R4 such that a • h0 = h′.
In other words, DAû = −iα • û always has a solution. The uniqueness of the
connection A follows from the unique continuation property of the Dirac operator.

Observe that if we change the U(1)-connection, then DA′ û = DAû + iα • û. In
other words, the covariant derivative changes along the direction of the U(1)-orbit
of û.
Proposition 4.3. [Sco02, Corollary 3.11]
‖û‖2 ·DAû = i(Dφω) • û+ 〈DAû, iû〉R · iû
Consequently, if DAû = 0, then ω defines a Ka¨hler structure on the base manifold,
compatible with a metric which is a scalar multiple of gX.
Proof. The hyperKa¨hler U(1)-moment map is given by
µ : Hn −→ sp(1)∗, µ(h) = 1
2
h¯tih
Therefore ω • û = (µ◦ û)• û = − i
2
‖û‖2 · û. The identity now follows from Corollary
3.11 of [Sco02].

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Composed with Clifford multiplication, we obtain the splitting formula for Dirac
operator
Proposition 4.4. [Sco02, Theorem 3.15] Given a H × Spinc-structure P
Ĥ
and a
connection A on P
Ĥ
, we have
(24) ‖û‖2DAû = i (2d∗ω + 〈DAû, iû〉R) • û
Therefore, if 〈DAû, iû〉R = 0, then every harmonic spinor û defines a symplectic
structure on the base manifold, compatible with a metric conformal to gX .
Note. Using the existence argument as in Lemma 4.2, one can prove that there
exists a unique connection A′ such that 〈DA′ û, iû〉R = 0
Remark 1. It is worth noting that every non-vanishing, covariantly constant/
harmonic spinor defines the same Ka¨hler/symplectic structure. Indeed, one can
think of µ as a quadratic map
(25) µ : S4n−1 −→ S2
where S4n−1 is the unit sphere in Hn and S2 is the unit sphere in Λ2+(R
4). For
m1 ≥ 2m2, every polynomial map from Sm1 to Sm2 is a constant map [Woo68].
Therefore, for n > 1, µ : S4n−1 −→ S2, µ is a constant map.
This has the following consequence: let A′ be the unique connection such that
〈DA′ û, iû〉R = 0. Then, from Proposition 4.3 and Theorem 4.4 we conclude
Lemma 4.5. If there exists a non-vanishing spinor û which is covariantly constant
with respect to the unique connection A′ such that 〈DA′ û, iû〉R = 0, then every non-
vanishing spinor is covariantly constant w.r.t a unique connection and the defines
the same complex structure.
Similarly, every harmonic spinor, satisfying 〈DAû, iû〉R = 0 defines the same
symplectic structure on X .
Remark 2. One can repeat the entire argument in Theorems 1.1, 1.2 and 1.3 for
G = U(n) instead of U(1). One only needs to observe that the U(n)-moment map
splits into 2 components
µu(n) = µsu(n) + µu(1)
and u(1)-component defines a self-dual 2-form on X .
5. Equivalence of Spinc−structures
Let (X, gX) be an oriented, compact, 4-dimensional manifold and let Q −→ X
be a fixed Spinc-structure. A non-degenerate, self-dual 2-form β ∈ Γ(X, sΛ2+(X))
defines an almost-complex structure J on X , which is compatible with a metric in
the conformal class of gX. Then (β, J) define a Spin
c-structure Qβ −→ X .
Proposition 5.1. Let M be as in Theorem 1.1 or Theorem 1.2 and u ∈ S be a
spinor whose range does not contain a fixed point of the U(1)-action. Let A be a
connection on PU(1) and A be the induced connection on Q. If DAu = 0, then the
Spinc-structure Qω is isomorphic to Q.
Proof. The condition DAu = 0 implies that Dφω = 0, or in other words d(µ◦u) = 0
and thus ω has a constant length. Modifying the metric gX to a metric g
′
X
:= c · gX
for some c ∈ R, we may assume that |ω| = √2. The metric g′
X
, is thus a Ka¨hler
metric defining the Spinc-structure Qω.
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Any metric g′′
X
:= e2fgX in the conformal class of g induces an isomorphism
between the respective frame bundles
(26) PSO(4)
e−pi
∗f
−−−−→ P ′′SO(4)
where π : PSO(4) −→ X . Any point p ∈ P is a linear isomorphism p : R4 −→
Tpi(p)X . Consider p ∈ PSO(4) and p′′ ∈ P ′′SO(4) such that π(p) = π′′(p′′) = x.
Then, p ◦ (p′′)−1 : R4 −→ R4 is an automorphism. But p′′ = e−f(x)p. Therefore,
p ◦ (p′′)−1 is an isomorphism of R4 obtained by scalar multiplication by e−f(x).
If e−f is constant, say c, then the isomorphism is independent of x ∈ X . In
other words, we get an isomorphism between (R4, gR4) and (R
4, c · gR4), where
gR4 is the standard metric on R
4. This induces an isomorphism of the respective
complexified Clifford algebras γ : Cl4 ⊗C −→ Cl′′4 ⊗C which preserves the positive
elements and therefore, induces an isomorphism of the respective Spinc groups
γ : Spinc(4) −→ (Spinc(4))′′. Therefore, if g′
X
:= c · gX and Q and Q′ denote the
respective Spinc-bundles over X , then the map γ induces an isomorphism of the
bundles Q and Q′. In conclusion, the Spinc-structure Qω is isomorphic to Q.

6. Constant Scalar curvature
In this section, we show that if the solution space to equations (13) contains a
pair (u,A) such that DAu = 0 then the scalar curvature of the base 4-dimensional
manifold is necessarily (negative) constant.
Let M be as in Theorem 1.1 or Theorem 1.2. If a pair (u,A) satisfies DAu = 0,
we get DAu = 0 and the Weitzenbo¨ck formula (2.6) gives
0 =
sX
4
X0 ◦ u+ Y(F+A )|u
Take the inner product on both the sides, with X0 ◦ u to get
(27) 0 =
sX
4
· ρ0 ◦ u+ 〈µ ◦ u, F+A 〉
The second term in the above expression is computed as follows:
〈Y(F+A )|u,X0 ◦ u〉 =
3∑
l=1
〈
IlK
M
〈F+
A
,ξl〉
|u, IlKMξl |u
〉
=
3∑
l=1
〈
KM
〈F+
A
,ξl〉
|u,KMξl |u
〉
=
3∑
l=1
µ(ξl ⊗ 〈F+A , ξl〉) ◦ u = 〈µ ◦ u, F+A 〉
Since DAu = 0, d(ρ0 ◦ u) = 〈dρ0, DAu〉 = 0, ρ0 ◦ u = c, a constant. Therefore,
−sX
4
· ρ0 ◦ u = 〈µ ◦ u, F+A 〉
If the pair (u,A) is a solution to generalized Seiberg-Witten equations (13), then
−sX
4
· ρ0 ◦ u = |µ ◦ u|2
Since ρ0 ◦u is a positive constant, this implies sX is a negative constant. Therefore,
the metric onX is a metric of constant scalar curvature. Since the metric defined by
the Ka¨hler structure is a scalar multiple of gX, it follows that the Ka¨hler structure
defined by Φ(µ ◦ u) is of constant scalar curvature.
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Appendix A. Vector bundles and connections
Let πE : E −→ X be a vector bundle. Then consider TπE : TE −→ TX . Then
VE ⊂ ker(TπE) ⊂ TE is called the verticle sub-bundle. A connection on E is a
choice of a smooth horizontal sub-bundle HE such that TE = HE ⊕ VE . Denote
by pr
V
and pr
HE
the projections to the verticle and the horizontal sub-bundles
respectively. A connection on E is said to be linear if prVE is linear w.r.t TπE
Verticle lift. Consider the pull-back bundle E ×M E. Then, the map
vlE : E ×M E −→ VE , (v, w) 7−→ d
dt
(v + tw)|t=0
gives an isomorphism of vector bundle over E and is called a vertical lift.
Connector. A connector is a smooth map K : TE −→ E is a smooth map that
satisfies K ◦ vlE = pr2 : E ×M E −→ E and is a vector bundle homomorphism for
both the vector bundle structures on E; i.e TπE : TE −→ TX and π : TE −→ E.
Given a linear connection Φ : TE −→ TE, its connector is given by the compo-
sition
TE VE E ×X E EΦ
(vlE)
−1 pr2
A connector on E induces a covariant derivative
∇K : Γ(X,E) −→ Γ(X,T ∗X ⊗ E)
∇Kv (s) = K(Ts(v)) for v ∈ TX, s ∈ Γ(X,E)
Appendix B. Principal bundles and covariant derivatives on
associated bundles
Let πP : P −→ X be a principal G-bundle and M be a manifold with a smooth
action of G.
Theorem B.1. [Bau09, Satz 3.5] There is a bijection between the space of G-
equivariant maps from P → M and the sections of the fibre bundle F := P ×G
M −→ X
C∞(P,M)G −→ Γ(X,F)
u 7→ su, where su(x) = [p, u(p)] and πP (p) = x(28)
Covariant derivatives on asociated fibre-bundles. Let A ∈ Λ1(P, g)G be a
connection on P . We define the covariant derivative of u ∈ Map(P,M)G w.r.t as
DAu = Tu+K
M
A |u ∈ Hom(TP, TM)hor
where KMA |u : TP → u∗TM is vector bundle homomorphism and the subscript
“hor” implies that DAu vanishes for all v ∈ VTP
KMA |u(v) = KMA(v)|u(p), v ∈ TpP
Proposition B.2. [KM97, Theorem 42.1] Let X be a compact manifold. Then the
space Map(P,M)G is a Freche´t manifold modelled on topological vector spaces:
TuMap(P,M)
G = Γ(P, u∗TM)G
Therfore the covariant derivative can be interpreted as a section of the infinite-
dimensional Freche´t vector-bundle:
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Hom(HA, TM)G Map(P,M)G
Π
DA
Note that
T Hom(HA, TM)G = Hom(HA, TTM)G, V Hom(HA, TM)G = Hom(HA,VTM)G
A connector ψ : TTM −→ TM induces a connector Ψ on Hom(HA, TM)G. Using
this, one can compute the linearization of ∇ΨDA.
Lemma B.3. [Sch10, Section 2.4] The linearization ∇ΨDA of the covariant deriv-
ative coincides with the first-order differential operator
(29) ∇A,ψ : C∞(P, TM)G −→ Hom(TP, TM)Ghor, v 7−→ ψ ◦ Tv ◦ prHA
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